Abstract. Yang-Baxter operators from algebra structures appeared for the first time in [16] , [17] and [8] . Later, Yang-Baxter systems from entwining structures were constructed in [5] . In this paper we show that an algebra factorisation can be constructed from a Yang-Baxter system.
Introduction
The quantum Yang-Baxter equation plays a crucial role in theoretical physics, in the theory of quantum groups, in knot theory, in the theory of braided monoidal categories, etc. Due to the complexity of various integrable models the need arose for extensions and generalisations of Yang-Baxter equations and related algebraic structures. One such generalisation, termed a Yang-Baxter system, was proposed in [11] in the context of non-ultralocal integrable systems [10] .
Motivated by the need for developing a general theory of non-commutative principal bundles, entwining structures were introduced in [4] as generalised symmetries of such bundles. In recent years, entwining structures and categories of modules associated to them have been used to provide a unification of various types of Hopf modules (cf. [2] , [7] ), and eventually have led to the revival of the theory of corings (cf. [3] , [6] ).
Thus, Yang-Baxter systems and entwining structures arose in entirely different contexts, were motivated by as far fields as high energy physics and non-commutative geometry, and have entirely different applications. There is no reason to expect that there is any connection between these two notions. Yet, in [5] , we proved that such a connection, and a very close one, indeed exists. More precisely, we showed that to any entwining structure one can associate a Yang-Baxter system.
In this paper, we consider another construction. We start with a Yang-Baxter system and construct an algebra factorisation. As observed in [4, Proposition 2.7] , entwining structures are related to algebra factorisations via semi-dualisation (see [13, p . 300] for discussion of algebra factorisations). Note that Yang-Baxter operators from algebra structures appeared for the first time in [16] , [17] and [8] . Other interesting papers related to the constructions appearing in this article are: [1] , [9] , etc.
The next section contains preliminaries on the Yang-Baxter equation. The main results are contained in Section 3.
Preliminaries and Review
Throughout this paper k is a field. The unadorned tensor product is over k. The identity map on a k-vector space V is denoted by I V or simply by I provided the domain is clear from the context. All algebras are over k, they are associative and with unit 1. The product in an algebra A is denoted by µ : A⊗A → A, while the unit map is denoted by ι : k → A.
All coalgebras are over k, they are coassociative and with a counit. Coproduct in a coalgebra C is denoted by ∆ : C → C⊗C and the counit by ε : C → k. We use the standard notation for coalgebras. In particular, for a coalgebra C, we use Sweedler's notation to denote the coproduct ∆ on elements, i.e., ∆(c) = c (1) ⊗c (2) , for all c ∈ C.
For any vector spaces V and W , τ V,W : V ⊗W → W ⊗V denotes the natural bijection defined by τ V,W (v⊗w) = w⊗v.
Let R : V ⊗V → V ⊗V be a k-linear map. Define R 12 = R⊗I V , R 23 = I V ⊗R and
Equation (2.1) is usually called the braid equation.
It is a well-known fact that the operator R satisfies (2.1) if and only if R • τ V,V satisfies the quantum Yang-Baxter equation
For a review of Yang-Baxter operators we refer to [12] , [13] and [15] .
In what follows, we use the following construction of Yang-Baxter operators described in [8] .
If A is a k-algebra, then for all non-zero r, s ∈ k, the linear map
Dually, if C is a coalgebra, then for all non-zero p, t ∈ k, the linear map
is a Yang-Baxter operator.
Note that in both cases the assumption that parameters are non-zero is needed only for the invertibility of R Yang-Baxter systems were introduced in [11] as a spectral-parameter independent generalisation of quantum Yang-Baxter equations related to non-ultralocal integrable systems studied previously in [10] .
Yang-Baxter systems are conveniently defined in terms of Yang-Baxter commutators. Consider three vector spaces V, V ′ , V ′′ and three linear maps R :
In terms of a Yang-Baxter commutator, the quantum Yang-Baxter equation (2.2) is expressed simply as [R, R, R] = 0.
Definition 2.2. Let V and V ′ be vector spaces. A system of linear maps
is called a WXZ-system or a Yang-Baxter system, provided the following equations are satisfied:
There are several algebraic origins and applications of WXZ-systems (see, for example, [19] , [18] , etc). 
Entwining structures were introduced in [4] in order to recapture the symmetry structure of non-commutative (coalgebra) principal bundles or coalgebra-Galois extensions. For applications and algebraic content of entwining structures we refer to [7] and [6] . Definition 2.4. An algebra A is said to be entwined with a coalgebra C if there exists a linear map ψ : C⊗A → A⊗C satisfying the following four conditions:
(
The map ψ is known as an entwining map, and the triple (A, C) ψ is called an entwining structure.
To denote the action of an entwining map ψ on elements it is convenient to use the following α-notation, for all a, b ∈ A and c ∈ C,
etc. The relations (1), (2), (3) and (4) in Definition 2.4 are equivalent to the following explicit relations, for all a, b ∈ A, c ∈ C, (2.10)
Theorem 2.5. ([5]) Let
A be an algebra and let C be a coalgebra. For any s, r, t, p ∈ k define linear maps
Let X : A⊗C → A⊗C be a linear map such that X • (ι⊗I C ) = ι⊗I C and (I A ⊗ε) • X = I A ⊗ε. Then W, X, Z is a Yang-Baxter system if and only if A is entwined with C by the map ψ := X • τ C,A . Remark 2.6. As observed in [4, Proposition 2.7] , entwining structures are related to algebra factorisations via semi-dualisation (see [13, p . 300] for discussion of algebra factorisations). The arguments similar to those in the proof of Theorem 2.5 show that, given two algebras A, B, and an algebra factorisation map Ψ : B⊗A → A⊗B, one can construct a Yang-Baxter system with W and Z of the same form as W in Theorem 2.5 and X = Ψ • τ A,B .
Main Result and Consequences
We give the formal definition of algebra factorisations below.
Definition 3.
1. An algebra A is said to be entwined with an algebra B if there exists a linear map φ : B⊗A → A⊗B satisfying the following four conditions:
The map φ is known as an algebra factorisation map, and the triple (A, B) φ is called an algebra factorisation.
Let R : V ⊗ V → V ⊗ V be a Yang-Baxter operator (see Definition 2.1) and let the operators
We define a braid product on the tensor algebra T (V ) as follows:
Starting with a WXZ-system as in Definition 2.2, and
We prove the first part of the theorem, part a), below. The operators σ i = R i,i+1 , i = 1, 2, 3, · · · , have the following properties:
(This follows from (c).)
The braid product on the tensor algebra T (V ) is defined as follows:
Associativity, µ n+p,q µ n,p = µ n,p+q µ p,q , amounts to
To prove (1), we use (b) and (d) repeatedly. First, use (d) successively for i = 0, · · · , p − 1, to shift each n-block
q times leftwards and thus get
Next, transform the second product in the right-hand member of (2) as follows: Split each (n + p)-block into an n-block followed by a p-block: By (b), for i = 0, · · · , q − 1, the i-th such n-block in the product commutes with the i such p-blocks preceding it. The q-step procedure consisting, at step i, in moving the i-th n-block to the left of the now contiguous sequence of i p-blocks that precede it, yields 
Relations (2) and (3) yield the desired result. The next part of the theorem, part b), follows in a similar manner. It will be included in the extended version of this paper (and follows from [1] ).
Remark 3.3. From the previous theorem, T (V ) ⊗ T (V ′ ) has an algebra structure associated with that algebra factorisation.
Remark 3.4. In a natural way, ( T (V ), µ, 1 k ) gets a Hopf algebra structure. The maps ∆(v) = v⊗1 k + 1 k ⊗v, ε(v) = 0 and S(v) = −v ∀v ∈ V extend naturally on T (V ).
